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can be set equal t0 0.55 (p; + po.gs) (Ag.es— 4;). (If pressure
had varied linearly with area, the coefficient would have been
0.50.) Equation (1) is used to locate Ag.e. However, as
the interaction region approaches the nozzle-exit plane with
finite A., the value (.55 — €) cannot exceed (e, — €) and
must therefore tend to zero. This condition will be referred
to as case B. In effect, as ¢; — e, the assumption that the
length of the interaction region equals 10 & is no longer valid.
Some data showing this phenomenon have been plotted in
Fig. 3 with the family of linear equations which has been
fitted to the data

(e. — €)/1.45 4)

€.95 — € =

which gives €.9s — €; = 0 when ¢; = ¢, where ¢ g corresponds
to p = 0.95 p,. Solving Egs. (1) and (4) simultaneously,
we obtain the following regions of validity for cases A and
B, as indicated by the upper and lower inequality signs,
respectively:

+ 0.38 (5)
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The region represented by

fAe JA
Ao.9s p

shows almost a constant pressure, and this term can therefore
be approximated by the arithmetic average value for the region
0.975 pa(A. — Ag.es). Combining this with Eq. (3), we obtain
the expression

Fg = pcAtCh. + 0.55(p: + Ppo.os) (Ao.es — A —
pa{0.9754,.95 + 0.025 4.) (6)

The equations in this section can be used to plot nozzle per-
formance, including flow separation, as shown in Fig. 4.
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A Kinetic Treatment of Ablation
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Nomenclature

volume density of bonds

enthalpy

Boltzmann constant

kinetic order of the reaction
number of bonds in each species
net heat flux to the surface

time

temperature

recession velocity

distance coordinate (fixed in space)
frequency factor

thermal diffusivity

activation energy

number of laminae

stoichiometrie factor

distance coordinate (fixed with respect to the surface)
fraction of bonds unbroken
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Subscripts

ablation

ith species
index

reaction process
surface

interior
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HE present widespread use of ablation shielding for

thermal protection shows a need for a basic understanding
of the mechanism of ablation. Previous analytical models
have either neglected chemical reactions within a decomposing
material, or have had too large a scope to permit study of
internal processes. This paper reports results for the quasi-
steady state for relatively uncomplicated materials. Later
work will extend these results, both to cover charring mate-
rials and to eliminate some of the simplifying assumptions.

Analysis

The principal mechanism of thermal degradation of a
thermoplastic, noncharring polymer is the breaking of bonds
in the chain. The order and extent of bond rupture will
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Fig.1 Temperature profile.

vary from material to material. The bonds in the chain
are presumed to obey the Arrhenius equation,

—de¢/dt = ¢mZ exp(—¢/KT) @

where ¢, the fraction of bonds not broken, refers to bonds
that are in the backbone of the chain; it has an initial value of
unity (no bonds broken) and will decrease as the material
reacts. In general, it will not reach zero (every bond broken),
because the material will cease to be a recognizable solid long
before this. The ultimate value ¢, may be calculated from
the composition of the products. For a polymer of com-
position (CRH — CH,). degrading to the monomer CRH =
CH,, one-half of the bonds in the backbone of the chain are
broken, and ¢, = %. [If this compound degrades to the
dimer (CRH — CHy)s, ¢s will be £.] In general, if n; is the
number of bonds derived from the backbone of the polymer
chain in the ith product, and v; is the mole fraction of that
species, then

¢ = 2 vini/(ni + 1) @)
1
The course of the reaction may be followed by reference to ¢.

The model considered here is a semi-infinite slab with a
heat flux applied to the surface. The material is assumed to
have reached a quasi-steady-state condition, which implies
a constant degradation rate, a steady recession of the surface,
and a fixed thermal profile with respect to the surface. No
phase changes are assumed to occur within the material.

The physical picture of the process may be thought of as a
reacting material (the polymer) moving through a- thermal
profile and, at the surface, being completely degraded into a
gas. The total enthalpy change associated with this reaction,
AHpg, is found by

AHp = [Hproducts]Ts - [Hpolymer]Tu (3)

From this, the recession rate of the surface may be obtained
easily :

v=¢/bAHr #)

It is convenient to transform to a coordinate that is fixed
with respect to the surface,

E=z—ut (5)
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Now, from Egs. (1) and (5)
de/dE = ¢mZ exp(—e/KT)/v (6)

The exponent m may be taken as unity for most polymeric
degradation reactions.

In treating the reaction, constant temperature will be
approximated by taking small laminae. In each lamina, the
amount of reaction occurring may be found by integrating
Eq. (6) at constant temperature:

In[(¢p — 0¢)/¢] = — [Z exp(— e¢/KTW]ot ™

¢ now is a function of two variables, T and £, Harmon and
Myers! indicate that the temperature profile for a reacting
solid is exponential

T®# = T, exp(—v/a) ®

if all of the heat is absorbed at the surface, which is a fair
approximation.

With temperature as the independent variable, it is possible
to solve for ¢ as a function of temperature only. Also,
dividing the material into laminae based on equal tempera-
ture intervals will provide narrow laminae near the surface,
where the slope is the steepest, and where most of the reaction
occurs. Fquation (7) with temperature as the independent
variable becomes

In[(¢ — 8¢)/¢] = [aZ exp(—¢/KT)/v*T 16T )
6¢ = ¢{1 — explaZ exp(—e¢/KT)/v2T6T]} (9a)

The boundary conditions that must be satisfied are, at the
surface, ¢ = ¢s and T = T,; and in the interior, ¢ — 1, as
T — Tn.

Since the surface temperature is not known a priori and is
required to evaluate AHg, a trial value is assumed. The
correct value for the surface temperature will be indicated by
satisfaction of the remaining boundary conditions.

This analysis has been programed on an IBM 7094 com-
puter. An initial value of the surface temperature is as-
sumed, and laminae are determined by

8T = (T. — To)/A (10)
where A is the desired number of laminae. 7T, is found by
Th= Thy — 0T (10a)
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Table 1 Heats of ablation

H, cal/g
Material at ¢ = 50 w/cm? 500 w/cem?
Polytetrafluoroethylene 282.4 283.7
(PTFE)
Polyethylene 24.5 28.6
Polypropylene 401 .

and ¢, and £, are found from Egs. (9a) and (8). If ¢o is
sufficiently close to unity, the solution is presumed correct.
If not, a new value of T, is estimated. The first three values
of T, are chosen by incrementing T.. Subsequent values of
T, are estimated from the last three values of T, the last
three values of ¢o, and the desired value of unity (for ¢o) with
a parabolic-curve-fit expression.

Results and Conclusions

For polytetrafluoroethylene (PTFE), the values for the
physical constants were obtained from Sperati and Stark-
weather? and the heat capacity from Mark and Dole.? The
kinetics of degradation have been studied by several
authors. 8 Since these results were in fairly close agree-~
ment, values of 78,000 and 5 X 10 were chosen for e and
Z. The products were chosen to be 979, monomer, 2.9%,
sesquimer (CsFg), and 0.19; dimer. The heats of formation
were obtained from Duus,? and the heat capacity of the frag-
ments calculated using the method given in Ref. 10. For
polyethylene, the handbook values™ were used for physical
constants and kinetics were obtained from Madorsky.'?
The heat of reaction and heat capacity were estimated.'
Two parameters may be used to compare calculated results
with the actual behavior: the temperature profile (usually,
just the surface temperature), and the heat of ablation.
Of these, the surface temperature is the most useful, because
it may be measured directly.

Measured thermal profiles’™ of polytetrafluoroethylene
and polyethylene are compared with those caleulated in
Fig. 1, and surface temperatures as functions of heat flux are
shown in Fig. 2. To supplement the literature values for sur-
face temperature, some measurements have been made for
polytetrafluoroethylene (commercial Teflon) in an arc-image
furnace. These are shown in Fig. 2. The heat flux was
estimated using the calculated radiant energy and Wentink’s
value for absorption coefficient.'®

The heat of ablation may be defined in many ways. A
typical definition might be the difference in heat absorbed
by a bare metal body with and without protection. Such
a definition includes many effects not directly related to the
degradation reaction within the material. The heat of
ablation AH 4 is defined herein as the total enthalpy change
of the material, ie., AH, = AHp.

This value (Table 1) will, in general, be lower than meas-
ured values and should only be considered as an indication
of the relative merits of two materials. The calculated re-
sults show good agreement with the available experimental
data. However, there is some variation in the literature
data to be input to the program. For this reason, results
were calculated for all available values for the required input

Table 2 Effect of input data on surface temperature”

Z (sec™?) AH, (cal/mole) € (cal/mole) T{°K)
5 X 101 58,625° 78,000° 998.5
5 X 101 40,000 78,000 1019.2
5 X 10% 75,000 78,000 961.2
5 X 101 58,625 85,000 1089.8
10 58,625 78,000 1041.9

@ Polytetrafluoroethylene (PTFE) ¢ = 200 w/cm2.
b Standard values.

ENGINEERING NOTES 451

data for PTFE. All quantities, except the heat of reaction
and the kinetic constants, showed negligible effects (<10° in
Ty). Table 2 shows the effect of small changes in ¢, Z, and
Ho.

Programing parameters, such as number of laminae and
precision in comparing ¢ to unity were adjusted to the point
of diminishing returns. Values of A = 25 and ¢y = 1 =
0.0001 were used, and the resultant surface temperatures
were only slightly higher for A = 250. Larger errors in com-
paring ¢o to unity will decrease the precision of the calculated
surface temperature.

The assumption of quasi-steady-state conditions has
obvious attractiveness due to the ease of calculation. Since
the time during which the material undergoes degradation is
quite small (<0.1 sec for PTFE at typical heat fluxes), a
qualitative argument may be advanced for this assumption.
This time is very short compared with the duration of abla-
tion. A similar argument is offered for the semi-infinite
slab assumption. The distance from the surface at which
the material is still at T is very short compared with the
thickness of most samples.

The comparison of measured and calculated thermal pro-
files shows that the exponential profile yields values that are
somewhat higher than those measured by Hanst.'? Addi-
tional calculations are under way at present to eliminate the
assumption of an exponential profile.

Extension of this model to charring materials is envisioned
as being divided into two parts. The first, dealing with
the prechar region, will be essentially similar to this analysis.
That part may, for example, treat different kinds of bonds
separately, with both degrading and cross-linking reactions.
In the second, the char region will deal with percolation of
hot gases through the char, including reactions with the
environment.
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Some Aspects of the Applications of
Hybrid Propulsion Systems
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YBRID propulsion systems using solid fuels and liquid
oxidizers possess possibilities for high performance with
simplicity and resulting reliability. Unclassified chemical
data indicate that some hybrid propellants will provide
theoretical vacuum specific impulse values of about. 500 1b-
sec/lb. When reasonable combustion and nozzle efficiencies
are applied to this theoretical value, the potential delivered
performance is still very high. Most effort to date has been
in the areas of experimental and theoretical work on the
burning mechanism and the performance for various pro-
pellant combinations. Consideration must also be given to
the application of hybrids to the specific requirements of a
vehicle system. Several aspects of hybrid propulsion system
applications come to light when quantitative mission re-
quirements and related vehicles are analyzed. Two of the
more interesting aspects, namely, the requirement for
achieving constant thrust and wide throttling, are the sub-
jects of this note.

Regression Rate

Hybrid combustion is dependent on the liquid oxidizer
flow and the solid fuel burning or regression rate. The re-
gression-rate expression that relates the pertinent ballistic
parameters is of the general form:

r = BGT’”/LP“ 4+ C

where r is the regression rate, L, is the grain port length
B is the convection heat-transfer constant, y is the grain port
length exponent, z is the mass flux exponent, C is the con-
stant, and Gr is the total mass flow rate per square inch of
grain port area (mass flux).

This expression can be derived explicitly for different pro-
pellant combinations and fuel grain configurations to fit avail-
able experimental and theoretical data. Its empirically
determined constants are influenced by the propellant
combination and the temperature at combustion conditions.
To illustrate how the various parameters affect the O/F ratio
(oxidizer-to-fuel weight ratio), regression rate, and total
weight flow, the general regression-rate expression was made
explicit for a circular port grain. Assuming a constant
oxidizer flow rate, specific values for z and y, and ignoring the
constant C, the O/F varies with the relationship K; =
(O/F)(O/F + 1)4L,%/D,3; the regression rate varies with
the relationship r = K»(O/F + 1)*L,*/D,*; and the total flow
rate (and therefore thrust) varies with the expression Wr =
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Fig.1 Oxidizer flow rate and specific impulse.

Ki(O/F + 1)5L,*/D,3, where D, is the fuel grain port diam-
eter.

Constant Thrust

The preceding expressions indicate that, as the port diameter
increases during burning, the only way to maintain constant
thrust is to vary the O/F ratio. Control of the O/F ratio is
accomplished by varying the oxidizer flow rate. Figure 1 shows
the variation in oxidizer flow rate required to achieve con-
stant thrust for a hypothetical design and the resultant
variation in specific impulse. The theoretical change in
I, with O/F and P. can be seen from Fig. 2, which is typical
of the ballistic performance of all rocket systems. This re-
quirement to vary the oxidizer flow rate somewhat complicates
an otherwise extremely simple system. We therefore will
examine the consequences of operating the motor with a
constant oxidizer flow rate, which reflects the minimum
complexity system when an absolutely constant thrust level
is not required. The burning time is under 200 see, and no
throttling is specified. Restart capability is not discussed
in this note, although it is easily accomplished by the use of
a hypergolic hybrid propellant combination.

Several possible grain designs can be considered for the
hybrid engine. Since the star design permits a smaller
length-to-diameter ratio than does the circular port and is
generally simpler than the other types, it was selected for the
analysis of the effect of constant oxidizer flow rate on thrust
and I.,. The simple internal ballistic equations are only
slightly more complex with respect to the geometrical param-
eters. A constant perimeter, eight-point star configuration
with constant oxidizer flow rate produces a thrust that varies
less than 129, (Fig. 3). The average I, for the total burn-
ing time varies less than 0.3% from the nominal value at
optimum O/F. Although the O/F ratio varies, complete
(within reasonable expulsion and sliver tolerances) propellant
utilization poses no problem because the proper amounts of
both fuel and oxidizer can be predetermined and the pro-
pulsion system loaded accordingly.

Wide Throttling

A hybrid engine capable of 50/1 throttling represents the
other end of design complexity. With oxidizer injected at
the head end only, 50/1 throttling would require varying
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Fig. 2 Theoretical kinetic specific impulse.



